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Coupling Method

Proof technique that allows to compare two unrelated random 
variables(distributions) X and Y by creating random vector W = (X’,Y’) whose 
marginal distributions correspond to X and Y respectively.
Make coupling so that X and Y can be related in a certain way we desire. 
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Coupling Method

Typical Couplings
Independent Coupling

Coupling (X’,Y’) s.t. X’= X, Y’=Y are independent.

Maximal Coupling
Coupling (X’,Y’)  s.t.
Used to show mixing time bound.

Monotone Coupling
Coupling (X’,Y’) s.t. P(X’>Y’) = 1
Used to show stochastic dominance
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Stochastic Dominance
Quantifies the concept of one random variable being "bigger" than 
another.
Stochastic Dominance (Usual stochastic order) 

CDF

Y X
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Stochastic Dominance – Monotone coupling

Bernoulli variables X,Y s.t. P(X)=p, P(Y)=q    (q>p)
Pick U uniformly at random in [0, 1] and set X’ = , Y’ = 

Example (Compare binomial r.v.)

Objective: 
Assume two biased coins X, Y ( 1:  head , 0: tail). P(X) = p , P(Y) =q (q>p)

if Xi = 1, then Yi = 1,
if Xi = 0, then Yi = 1 with probability (q-p)/(1-p).

0    p    q              1

(X’,Y’) (1,1) (0,1) (0,0)

:Total number of heads
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Stochastic Dominance

Use to compare random variable.
Why compare random variables? 

Some random variables can be metric of performance
Ex. Compare performance of process under policy.

2 papers compare performance of policy using coupling.
Connectivity Serving Content with Unknown Demand :  the High-Dimensional 
Regime (SIGMETRICS-2014)
Dynamic Server Allocation to Parallel Queues with Randomly Varying (TIT-
1993)
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