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Abstract— This paper focuses on congestion control over multi-
hop, wireless networks. In a wireless network, an important
constraint that arises is that due to the MAC (Media Access
Control) layer. Many wireless MACs use a time-division strategy
for channel access, where, at any point in space, the physical
channel can be accessed by a single user at each instant of time.

In this paper, we develop a fair hop-by-hop congestion control
algorithm with the MAC constraint being imposed in the form
of a channel access time constraint, using an optimization based
framework. In the absence of delay, we show that this algorithm
are globally stable using a Lyapunov function based approach.
Next, in the presence of delay, we show that the hop-by-hop
control algorithm has the property of spatial spreading. In other
words, focused loads at a particular spatial location in the
network get “smoothed” over space. We derive bounds on the
“peak load” at a node, both with hop-by-hop control, as well as
with end-to-end control, show that significant gains are to be had
with the hop-by-hop scheme, and validate the analytical results
with simulation.

Keywords: Control theory, Mathematical program-
ming/optimization

I. I

We consider the problem of congestion control over wire-
less, multi-hop networks. Nodes in such networks are radio-
equipped, and communicate by broadcasting over wireless
links. Communication paths between nodes which are not in
radio range of each other are established by intermediate nodes
acting as relays to forward data toward the destination. The
diverse applications of such networks range from community
based roof-top networks to large-scale ad-hoc networks.

Over the past few years, the problem of congestion control
has received wide-spread attention in the Internet context,
where most of this research has focused on modeling, analysis,
algorithm development of end-to-end control schemes (such
as TCP), and adaptation of such schemes to ad-hoc networks
[1]. Recent work on congestion control problem provides an
optimization based framework for Internet congestion control
and derives a differential equation based distributed solution in
presence or absence of feedback delay with both primal [2]–
[7], [7]–[9] and dual [10], [11] approach. Given routing path
and bandwidth constraints, algorithms have been developed
which converge and have a stable operation.

In a wireless context, however, an important additional
resource constraint that arises is that due to the MAC (Media
Access Control). To address this, we consider a wireless
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Fig. 1. Spatial Spreading with hop-by-hop controllers

system, where multiple frequencies/codes are available for
transmission, and enables parallel communication in a neigh-
borhood using such orthogonal channels. The wireless MAC in
such a system use a time-division strategy for channel access
[12], [13], where, at any point in space,the physical channel
can be accessed by a single user at each instant of time (see
Section II-A for details).

This paper formulates an optimization framework for con-
gestion control algorithm in wireless multi-hop networks with
the constraint imposed by the MAC. We develop a distributed,
hop-by-hopcongestion control scheme, which is shown to
be stable in the absence of propagation delays, and allocates
bandwidth to various users in a proportionally-fair manner.
In the presence of delay, we show that it has the property of
spatial spreading. In other words, focused loads at a particular
spatial location in the network get “smoothed” over space. In
Figure 1, we illustrate this effect. Consider a node accessed by
a number of flows. While an end-to-end control scheme could
result in large transient overloads (due to delayed feedback)
at a single node, a hop-by-hop scheme will “push-back” and
cause congestion to occur over space, resulting in smaller peak
overloads. Thus, even if the bottleneck node is very close to the
receiver (the “worst-case” for a hop-by-hop scheme), there are
potential gains to be had due to spatial spreading.Hence, even
if the total buffer requirement over the network is the same,
the hop-by-hop scheme ensures that the buffers required are
spatially spread.

Hop-by-hop congestion control algorithms have been stud-
ied in the wireline context [14]–[17]. Such schemes provide
feedback about the congestion state at a node to the hop pre-
ceding it. The preceding node then adapts its transmission rate
based on this feedback. Feedback is typically provided based
on the queue length at the congested node. If the queue length
exceeds a threshold, congestion is indicated and the preceding
node is notified in order to decrease its transmission rate. It is
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well known that such schemes, by reacting to congestion faster
than end-to-end schemes (the bottleneck node would send
feedbackbackward, thus decreasing the delay in the control
loop), result in better performance than a corresponding end-
to-end scheme. However, Internet congestion control has been
dominated by end-to-end schemes (in particular, TCP), and
congestion control research in the recent past has focused
on the end-to-end schemes, primarily due to scalability and
deployability. Hop-by-hop schemes require to have per-flow
state management in intermediate nodes, which generates
scalability problems.

However, in a wireless network, the number of flows per
node is of a much smaller order than in the Internet. Further,
wireless networks usually have per-flow queueing for reasons
of packet scheduling [12], [18], [19], and the fact that different
users are at different locations, thus requiring different physical
layer strategies (such as the channel coding and modulation
scheme of the power level). In fact, recent studies indicate
that per-flow handling may be feasible even in the Internet. In
the Internet context, the authors in [20] have measurements to
suggest that even in the Internet, per-flow queuing is possible,
as the number ofactiveflows is in the tens or few hundreds,
which can be supported. Thus, the hop-by-hop schemes seem
feasible over a wireless multi-hop network.

Related work includes [21], where the authors consider
max-min fair scheduling in the context of a wireless network
using a similar model as that considered here for media
access control (MAC). The authors develop a token based
local scheduling policy at each node to ensure max-min
fairness. The work on congestion (or rate) control algorithm
in wireless ad-hoc networks also has been considered in the
context of cross-layer design, where medium access control
was jointly studied [22], [23]. In [22], the authors focus
on proposing a unified framework for joint rate control and
medium access scheduling using a dual approach, and proving
stability the proposed algorithm in absence of delay. Recent
work in [23] generalizes the resource constraint discussed
in this paper (by considering secondary contention as well
as primary contention) imposed on MAC layer using flow
contention graph, and proposes joint congestion control and
media scheduling algorithm based on optimization framework
in the context of only end-to-end controllers.

This paper differs from the above-mentioned work in that
under MAC constraints in (multi-channel) wireless ad-hoc
networks, we develop rate based hop-by-hop as well as
end-to-end congestion control algorithm with the objective
of (weighted) proportionally-fair resource allocation among
users. In particular, we prove that the proposed hop-by-hop
algorithm is also stable in spite of coupling of transmission
rates at each hop in absence of delay. Further, we derive
bounds on peak queue lengths in the presence of propagation
delay, both with an end-to-end and hop-by-hop scheme, and
quantitatively demonstrate spatial spreading in the hop-by-hop
control.

A. Main Contributions and Organization

The main contributions in this paper are:

(i) We develop (weighted) proportionally-fair congestion
control algorithms (both hop-by-hop as well as end-to-
end) with the MAC constraint being imposed in the form
of a channel access time constraint, using an optimization
based framework. In the absence of delay, we show that
these algorithms are globally stable using a Lyapunov
function based approach. In particular, with the hop-by-
hop algorithm, we have a collection ofcoupledcontrollers
due to the fact that each node along a session’s path
implements a separate congestion controller. We show
that this system of coupled controllers converges to a
unique fixed point, which satisfies the proportional fair-
ness condition.

(ii) We consider the evolution of these algorithms in the
presence of propagation delay. We analytically show the
effect of spatial spreading, by explicitly deriving the
reduction in peak buffer overload under the hop-by-hop
scheme for a feed-forward network. We show that at a
bottleneck node, the difference in the peak queue length
between an end-to-end scheme and a hop-by-hop scheme
is at least of orderLαN, whereL is the number of hops,
N is the number of sessions, and for all 0< α < 1.

We begin with a description of the system model in
section II, and discuss an utility function based network
optimization framework. In section III and IV, we develop
a distributed end-to-end and hop-by-hop congestion control
algorithm, and prove the stability of both algorithms in absence
of delay. Next, in section V, we also develop a distributed
end-to-end and hop-by-hop algorithm with delay, based on
which, in section VI we illustrate spatial spreading in a hop-
by-hop algorithm by means of deriving bounds on the peak
queue lengths in the presence of feedback delay. We provide
simulation results in section VII to validate the analysis.

II. S M

A. Access Structure and Network Model

Consider a network with a setL of links, a setV of vertices
(nodes), and letcl be the finite capacity of linkl, for l ∈ L .
Each vertex corresponds to a node in the network. Each data
flow r in the network corresponds to an ordered sequence of
links l ∈ L , and we denoteR as the set of possible sessions1.
Thus, we model a wireless link between any two nodes in
the network to have a finite positive capacity. We further
assume that there is no data loss due to channel errors, and
we ignore the effect of control data on the usage of channels,
and implicitly assume no power control at the node.

In reality, wireless channels are time-varying [24], where
each link has some average capacity which will depend on
the physical layer scheme. However, in this paper, we model
the link to have a fixed capacity. Such a modeling is reasonable
when the congestion controller changesslowly compared to a
MAC packet transmission time, and MAC packet transmission
spansmultiple channel sates,thus resulting in the channel
capacity appearing constant (see also [21], [23] for a similar
constant capacity model).

1We use the words ‘session’ and ‘flow’ interchangeably throughout this
paper.
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Fig. 2. Example network for time and link constraint

We next describe the access structure considered in
this paper. We consider a wireless system, where multi-
ple frequencies/codes are available for transmission (using
FDMA/CDMA), where frequency/code (resource) is allowed
to be reused in the network, as long as the nodes using the
same resource are sufficiently apart and are not involved in
the same “contention,” enabling parallel communications in a
neighborhood using such orthogonal FDMA/CDMA channels
(see [21], [25], [26] for additional discussion).

In this wireless system, a single transmission is intended for
only one receiver, and each node has only a single transceiver,
and hence only half-duplex communication is allowed. Further,
a node can successfully receive from at most one other node
at the same time.Thus, at any instant of time, data flows that
do not share nodes can transmit/receive simultaneously, but
data flows that share a node cannot do so.In other words,
simultaneous transmissions can take place over links (i.e.,
between a pair nodes) as long as the links do not share a
common node. We next describe the constraints on the data
flows that follows from this wireless system model.

B. Time Constraint

There are two types of constraints that are imposed, namely,
(i) the link constraint and(ii) the time constraint. Thelink
constraint(usually considered in wired networks) corresponds
to the fact that the sum of date rates of all sessions that
traverses through linkl ∈ L is not greater thancl , the capacity
of link l. The time constraintmeans that at any instant of
time, there can be only one instance of communication at a
given node. To illustrate a fluid model for this constraint, we
consider an example shown in Figure 2.

The network consists of three sessionsS1,S2 and S3, as
shown in Figure 2. Letxi , i = 1,2,3 be the data rate of the
sessions respectively. We observe that the time constraint is
imposed on eachnode in the network. Let us consider node
‘C’ in the figure, and defineyi j , i ∈ {1,2,3}, j ∈ {1,2,3,4} by

yi j =


xi

c j
if Si traverses the linkj,

0 otherwise.

Observe thaty11 can be interpreted as thefraction of time
node ‘C’ expends to receive data of session 1 from node ‘A’
over anunit interval of time. Similarly, y13 is interpreted as
the fraction of time expended by node ‘C’ to transmit data of
session 1 to node ‘D’ over anunit interval of time. Similar
interpretations hold for allyi j . Thus, as total fraction of time

TABLE I

L         F 2

Link Link Constraint Node Time Constraint

1 x1+x2
c1
≤1 1 x1+x2

c1
≤1−ε1

2 x2+x3
c2
≤1 2 x2+x3

c2
≤1−ε2

3 x1+x3
c3
≤1 3 x1+x2

c1
+

x2+x3
c2

+
x1+x3

c3
≤1−ε3

4 x1
c4
≤1 4 x1+x3

c3
+

x1
c4
≤1−ε4

5 x1
c4
≤1−ε5

expended at node ‘C’ cannot exceed 1, thetime constraintat
node ‘C’ is

∑

i∈{1,2,3}, j∈{1,2,3,4}
yi j ≤ 1

Similar time constraints apply for all other nodes in the
network.

In general, however, the time constraints presented above
arenot sufficient to ensure that a feasible MAC protocol exists
[21], [26]. A feasible MAC always exists if the time constraints
are relaxed by replacing the RHS of the expressions (i.e., the
term ‘1’) by a parameterρ ≤ 2/3 [26]. In this paper, we
consider a fluid model for the MAC, and do not focus on the
actual implementation (i.e., MAC protocol) of the resource
sharing mechanism at each node. At the fluid time-scale, the
details of these different MAC protocols manifest only as an
efficiency factor that is captured by the parameterε j , j ∈ V,
which governs the fraction of time that the time resource
at each node can be used for successful data transfer. For
example, the time constraint at node ‘C’ is represented by:

∑

i∈{1,2,3}, j∈{1,2,3,4}
yi j ≤ 1− ε3

The efficiency factor is chosen such that some MAC pro-
tocol is feasible for the given network topology and session
configuration. From our earlier discussion,ε j ≥ 1/3, j ∈ V en-
sures that a time-division MAC isalways feasible independent
of the network topology. Further, an inefficient MAC scheme
would be associated with a larger value ofε j , j ∈ V. For
example, an ideal MAC algorithm would allow the maximum
possible (subject to MAC feasibility) time-resources at each
node to be used for successful data transfer. However, an
ALOHA based MAC would have inefficiencies associated with
it, which would allow only a fraction of the time resources at
a node to be used for successful data transfer.

Table I presents the link and time constraints for the network
in Figure 2. As we can observe from the table, the link
constraints aresubsumedby the time constraints. Any link
constraint is trivially a time constraint, if it is the only flow and
terminates at the node. In all other cases, the time constraint is
strictly stronger than a link constraint. Thus, we do not need to
consider link constraints, and will henceforth restrict ourselves
to only time constraints.

C. An Optimization Problem

Let us denoteN(L ), N(V), andN(R) as the number of links,
nodes, and sessions, respectively. For any linkl and sessionr,
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let AAAlr = 1
cl

if link l is in the path of flowr, and 0 other-wise.
Thus, we define the matrixAAA ∈ RN(L )×N(R) by

AAA =


AAAlr = 1/cl if link l in sessionr,

0 otherwise
(1)

Similarly, defineGGGvl = 1 if link l is incident on nodev, and
0 other-wise. Thus, define the matrixGGG ∈ {0,1}N(V)×N(L ) is
defined by

GGG =


GGGvl = 1 if link l incident on nodev,

0 otherwise
(2)

UsingGGG andAAA, time constraint for a given network can be
expressed as:

GAGAGAxxx ≤ 111− εεε, (3)

whereεεε = (ε j ∈ [0,1]), j ∈ V, andxxx corresponds to the vector
of user data rates.

For each user (session)r, let xr be the data transmission rate.
Associated with each user (session) is a utility functionUr (·),
which is the “reward” or utility that userr gets by transmitting
at the rate ofxr (see [2] for further discussion). Assume that
the utility Ur (xr ) is an increasing, strictly concave, and con-
tinuously differentiable function ofxr over the rangexr ≥ 0.
In this paper, we restrict ourselves to weighted proportionally
fair utility functions of the form Ur (·) = wr log(·). From
a resource allocation point of view, the resource allocation
achieved under any concave and increasing utility functions
can be achieved by a weighted proportionally-fair allocation2

[27] through appropriate choice of weights{wr }.
The objective is to maximize total utility in the network

subject to the link and time constraints. In this paper, we
develop congestion control mechanisms to share the time
resources in the network in a (weighted) proportionally fair
manner. Thus, with session ratesxxx = (xr , r ∈ R), we need to
solve

P : max
∑

r∈R wr log(xr )

subject to

GAGAGAxxx ≤ 111− εεε,
xxx ≥ 0

As the cost function is strictly concave and the constraint set
is convex, there is a unique solution toP. In following sections,
we develop a decentralized congestion control algorithms
(both hop-by-hop and end-to-end) to addressP.

III. D  -- A

A. Algorithm Description

In this section, we develop an distributed end-to-end con-
gestion control algorithm to solveP. In this paper, we do
not consider the optimal global MAC scheduling problem.
Thus, “distributed” in this paper means that the congestion
controller itself is distributed, since each source needs only
local information on resource usage and feedback from the

2However, the transient dynamics of a decentralized controller may be
different.

network to adjust its transmission rate. Similar discussion
holds for the hop-by-hop congestion control presented in
Section IV.

As the optimization problem has a strictly concave cost
function, and convex constraints, we solveP using Lagrange
multipliers. The Lagrangian of the problemP is:

L(xxx, λλλ) =
∑

r∈R
wr log(xr ) − λλλT

(
GAxGAxGAx− (111− εεε)

)
. (4)

We denote the input and output link of a sessionr on the
nodev when a sessionr goes throughv as l i(v, r) and lo(v, r),
respectively (for instance, in Figure 2, arel i(3,1) = 1 and
lo(3,1) = 3). For completeness, for the source and destination
nodes, we definecl i (s(r),r) = ∞ and clo(d(r),r) = ∞ respectively,
where the source and the destination node of sessionr are
denoted bys(r) andd(r). Let us denoteA j(r) as the set of all
downstream nodes from nodej in the path of sessionr. Thus,
As(r)(r) is the collection of all nodes in the path of sessionr.

By differentiating (4), we have

dL
dxr

=
wr

xr
−

∑

j∈As(r)(r)

(( 1
cl i ( j,r)

+
1

clo( j,r)

)
λ j

)
= 0 (5)

Therefore, the unique solution to the problemP is given by
the following condition:

xr =
wr∑

j∈As(r)(r)

(( 1
cli ( j,r)

+ 1
clo( j,r)

)
λ j

) (6)

We now present rate adaptation mechanisms for session
sources. At each timet, we denote the transmission rate of
sessionr by xr (t). Suppose thatxr (t) adapts according to

ẋr (t)=κ
(
wr−xr (t)

∑

j∈As(r)(r)

(
(

1
cl i ( j,r)

+
1

clo( j,r)
)λ j(t)

))
, (7)

where

λ j(t) = βp j

( ∑

s∈D( j)

xs(t)
( 1
cl i ( j,s)

+
1

clo( j,s)

))
, (8)

p j(y) is a marking functionat node j, and determines the
fraction of flow to be marked. Here,D( j) corresponds to the
set of sessions incident on nodej, andβ > 0 is a fixed constant.

This function is an indicator of (time) congestion at a node,
and sources adapt based on the congestion indication [2], [3].
As in the Internet context, this function is assumed to be a
continuous, increasing function with range [0,1].

Observe that (7) is analogous to the differential equation
developed in [2]. However, (7) differs from the algorithm of
[2] in that (7) handles relative transmission or reception times
instead of actual rates. In practice, the incoming/outgoing rates
could be known to the nodes by measuring the amount of data
over a small interval of time.

To understand the intuition for (7), observe thatλ j is inter-
preted as the price for using nodej per unit time. In addition,
xr (t)( 1

cli ( j,r)
+ 1

clo( j,r)
) is the fraction of time the MAC at nodej

expends in receiving and re-transmitting (to the next hop) the
data from sessionr. As time is the resource in our formulation,
the total cost of using nodej equalsxr (t)( 1

cli ( j,r)
+ 1

clo( j,r)
)λ j . Thus,

the source congestion control mechanism tries to equalize the
aggregate costxr (t)

∑
j∈As(r)(r)

(
( 1

cli ( j,r)
+ 1

clo( j,r)
)λ j(t)

)
with wr .
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B. Marking function

Corresponding to each nodej in the network is a marking
function p j(·). In this paper, we consider a marking function
of the form (at nodej)

p j(y) =
(y− t̃ j

y

)+
. (9)

This marking function has the interpretation of the fraction of
time lost when the time usage at nodej exceeds a certain level
t̃ j , called the “virtual time” (This is similar to the concept of
“virtual capacity” in [3]). As seen in (8), the parametery of
p j(y) is the sum of MAC time utilizations byall flows, both
incoming and outgoing, at nodej.

Thus, as discussed earlier,β( 1
cli ( j,r)

+ 1
clo( j,r)

)p j(y) marks the
fraction of flow which exceeds atime thresholdt̃ j . Observe
that the total time utilization at the MAC cannot exceed 1.
Thus, t̃ j < 1 is a parameter thatcontrols the desired time
utilization at the node. For instance, for an inefficient MAC
(say, random access), one would sett̃ j � 1. If the MAC is
more inefficient at nodej, the (equilibrium) utilization at that
node is smaller. This means that the node has to mark more
packets. Thus, an inefficient MAC has low value of̃t j .

We will discuss the choice of this parameter in Section III-
C.

C. Stability Analysis

In this section, we show that the system of controllers
defined in (7) is globally stable. The proof is analogous to
that in [2]. Let the functionW(xxx) be defined by

W(xxx) =
∑

r∈R
wr log xr

− β
∑

j∈V

∫ ∑
s∈D( j) xs(t)( 1

cli ( j,s)
+ 1

clo( j,s)
)

0
p j(y) dy (10)

We can show thatW(·) is a strictly concave function, with a
unique equilibriumxxx∗.

Then, with a slight extension to [28], we can find virtual
times {t̃ j} at each nodej ∈ V, and β, such that the unique
maximum of the optimization problem given by (10) also
solvesP. Thus, the equilibrium ratexxx∗ can be suitably chosen
by choosing appropriate values for the time thresholds{t̃ j},
and the constantβ. In particular,{t̃ j} is chosen such that the
equilibriumxxx∗ solves the optimization problemP discussed in
Section II-C. Due to space limitation, we skip the proof. Adap-
tively choosing these parameters in a manner similar to that
in [28], [29] is a topic for future research. We now show that
the congestion controllers described by (7) and (8) converge to
this equilibrium point. Now, we have the following proposition
on the stability of the end-to-end congestion controller.

Proposition 3.1:W(xxx) is a strictly concave, Lyapunov func-
tion for the system of differential equations (7). The unique
value of xxx maximizing W(xxx), denoted byxxx∗ is a stable point
of the system, to which all trajectories converge.

Proof: The proof is analogous to that in [2], where we
use the Lyapunov function defined in (10). We skip the details.

IV. D  -- A

In this section, we develop a distributed hop-by-hop al-
gorithm for congestion control. First, we observe that the
congestion controller at the source of each session reacts based
on the sum of the congestion prices at each node. Instead
of passing this feedback downstream as in the end-to-end
algorithm, one could envisage a scheme where each node
passes the (partial sum) price upstream. In other words, each
node adds its current congestion cost to that it received from
a downstream node, and passes this information toward the
upstream node. The source will ultimately receive the sum
of all price information from the corresponding downstream
nodes and use the information for controlling rates. We refer
to Figure 3 for the illustration of the hop-by-hop algorithm.

A B C : Destination

++
1 2

feedback Cfeedback Bfeedback A

session 1

Source

PSfrag replacements

feedback C: 1

c2

λC(t)

feedback B:
(

1

c1

+ 1

c2

)

λB(t) + 1

c2

λC(t)

feedback A: 1

c1

λA(t) +
(

1

c1

+ 1

c2

)

λB(t) + 1

c2

λC(t)

a
1

1
(t) a

2

1
(t)

Fig. 3. hop-by-hop Congestion Control Algorithm

The basic idea of a hop-by-hop algorithm is that every
node in the path of the session operates a congestion control
algorithm. In Figure 3, the congestion price at nodeC is passed
to the upstream nodeB. NodeB computes its local congestion
price and adds it to the congestion price from nodeC. Node
B adapts its transmission rate to nodeC based on this sum
of congestion prices. In addition, nodeB passes this sum of
two prices to the upstream nodeA. Using this “price passing”
method, the source of session 1 receives aggregate congestion
price from its downstream nodes and controls its transmission
rate based on it.

Let us denoteai
r (t) as theactual transmission rateat the

i-th hop of sessionr in the hop-by-hop control algorithm.
Corresponding to each nodei along the path of sessionr,
is a virtual transmission rateci

r (t), which is described by

ċi
r (t) = κ

(
wr − ai

r (t)
∑

j∈Ak(r)

(
1

cl i ( j,r)
+

1
clo( j,r)

)
λ j(t)

)
, (11)

ai
r (t) = min[ci

r (t),a
i−1
r (t)], (12)

wherek is the node corresponding to thei-th hop of session
r. {λ j(t)} are defined similar to that in (8), but with the actual
transmission rates instead of the source transmission rates.
Along the path of each flowr, and for each hopi, the initial
conditions for the virtual transmission rates are assumed to
satisfy ci

r (0) ≥ ci−1
r (0) (in particular, all of them could be

equal).
Thus, in the above algorithm, we sum over all prices

downstream along sessionr. Thus, each node operates a (per-
flow) controller based on the perceived congestion due to
downstream nodes, and determines the maximum rate it can
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transmit at (the virtual transmission rate). The actual rate it
chooses transmits at the rate of the minimum of theincoming
data rate3 from i − 1-th hop node in the session’s path (the
previous hop node), i.e,ai−1

r (t), and the maximum possible
rateci

r (t).
We comment that at each intermediate node, the controller

has knowledge of the local link rates, as well as the “ramp-
up” constantwr for each of the sessions that is incident
on the node. It can be shown that the stability analysis
and later analysis are valid even if the node uses an upper
bound on the ramp-up constant. Thus, from an implementation
perspective, one could assume that{wr } are globally bounded
by some valuew, and use this value at each intermediate
node. Heuristically, the convergence proofs are valid even
when a bound is used because the data transmission rate into
the network is ultimately governed by the source, which will
use the correct value ofwr . However, to keep the exposition
simple, we will use the exact value ofwr at each node in this
paper.

Proposition 4.1:The transmission rates for the hop-by-hop
controller described in (11) and (12) converge to the equilib-
rium valuexxx∗ = (x∗1, . . . , x

∗
N(R))

T given in Proposition 3.1. In
particular, for each router, and for each hopi, ai

r (t) → x∗r as
t → ∞.

Proof: At any fixed timet, note thatai
r (t) decreasesalong

a flow path. This follows from (12), where the min implies
that ai

r (t) ≤ ai−1
r (t). Further, from (11), it follows that the the

sum of the Lagrange multipliersdecreasesalong a flow path
(as smaller number of non-negative terms added as we get
closer to the destination). These two facts imply that

d
dt

(
ci

r (t) − ci−1
r (t)

)
≥ 0,

from (11). This observation, along with the ordering of the
initial conditions of {ci

r (0)} implies thatci
r (t) increasesalong

a flow path (i.e., for increasing values ofi). In other words,
for eachi, r, t, we have

ci
r (t) ≥ ci−1

r (t) (13)

Next, for eachi, r, from (12), we have that

ai
r (t) ≤ ci

r (t) (14)

Thus, from (13) and (14), we haveci
r (t) ≥ ci−1

r (t) ≥ ai−1
r (t).

Hence, it follows that

ai
r (t) = min{ci

r (t),a
i−1
r (t)} = ai−1

r (t).

This implies that, for each flowr, the actual transmission rates
{ai

r (t), i = 1,2, . . .} are the same over all hops. This in-turn
implies that the source dynamics for flowr is the same as
source dynamics of the end-to-end controller. Hence, from
Proposition 3.1, the result follows.

We finally remark that in practice,ci
r (t) will be bounded by

a finite constant (typically, the output link capacity). This is to
ensure that in the absence of congestion, the virtual capacity
does not become unbounded (this can happen for instance, if

3For the source node for each flow, (12) is not considered, as there is no
upstream node. Instead we let the actual and virtual transmission rates to be
the same.

the congestion occurs only upstream to a particular node, and
thus, all downstream controllers are redundant).

V. C C  D

In the previous section where we proved stability, we
assumed that the time resource was large enough so that
queueing did not occur (or equivalently, the time threshold
t̃ are suitably chosen). In this section, we do not make such
an assumption. We will study the dynamics with queueing in
the presence of feedback delay.

For the end-to-end algorithm, we denote the output trans-
mission rate of sessionr traversing the linkl by xr,l(t). Thus,
xr,l i ( j,r)(t) and xr,lo( j,r)(t) are the incoming input and outgoing
transmission rate of sessionr at node j in the end-to-end al-
gorithm, respectively. Similarly, for the hop-by-hop algorithm,
we denote the actual and maximum (virtual) sending rate of
sessionr traversing the linkl by ar,l(t) andcr,l(t), respectively.
Thus, ar,l i ( j,r)(t) and ar,lo( j,r)(t) are the actual incoming input
and actual outgoing transmission rates of sessionr at node j
respectively.

Finally, each node has a per-flow buffer to temporarily store
data before forwarding. We denote the queue length of session
r at node j by qr j (t).

A. The End-to-End Controller with Delay

Unlike in the delay-free case considered in Section III,
queueing can occur at intermediate nodes due to feedback
delay. In this section, we describe the detailed dynamics of
rates for a session at each node.

For each nodej, let us defineE j
I (t) by

E j
I (t) =

∑

r∈D( j)

xr,l i ( j,r)(t)

cl i ( j,r)

Thus,E j
I (t) is the fraction of the time resource at the MAC of

node j consumed by incoming flows, andD( j) corresponds to
the set of sessions incident on nodej. We will assume that the
MAC protocol at the nodes ensure thatE j

I (t) < 1. Thus, if a
timing overload occurs at a node, data loss will occur, causing
unsuccessful transmissions to be queued at the preceding hop
(where the data was transmitted from). We assume a suitable
error and collision detection mechanism exists such that data
is queued in case of timing overload. Thus, from a fluid
model perspective, we can assume that the successful data
transmission into a nodej satisfiesE j

I (t) < 1. In addition,
a poor MAC protocol may not be able to support a time
utilization of ‘1’ (for instance an ALOHA based MAC would
have a maximum time utilization less than 0.36). However,
in the following discussions, we will assume that the MAC
can support a time utilization of ‘1’ for notational ease. The
results that are presented can be easily generalized to non-ideal
MACs by suitable scaling. Let us now define

E j
O(t) =

∑

r∈D( j)

xr,l i ( j,r)(t)

clo( j,r)

The interpretation ofE j
O(t) is the following: If there is no

congestion at the nodej, the output transmission rates would
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simply be equal to the incoming rate.E j
O(t) is the time

utilization at the MAC in such a case.
We now consider the following two cases.

(i) E j
I (t) + E j

O(t) > 1
As the time utilization at the node will exceed ‘1’ if the
output flow rates equal the input flow rates, we decrease
the transmitted output rates such that the time constraint
is met. In other words, we chooseα(t) ∈ (0,1] such that
E j

I (t) + α(t)E j
O(t) = 1, and set the output transmission

rate byxr,lo( j,r)(t) = α(t)xr,l i ( j,r)(t). The remaining flow (of
fraction 1− α(t)) is queued at nodej.

(ii) EI (t) + EO(t) ≤ 1
In this case, the output flow rate for each session can
be set toat least the input rate of the corresponding
session. If some of the sessions have strictly positive
queue lengths, i.e., users with backlogged queues (cor-
responding to congestion in the past), these users are
allocated output rates that are greater than their input
rates. The rates will be allocated in some fair manner (for
example, a proportional rate increase to all backlogged
users), subject to the timing constrain being met. Let us
denoteQ+

j (t) be the set of backlogged sessions at nodej
at timet. We chooseα(t) > 1 such that the time utilization
at the node is less than or equal to one, and for all sessions
r ∈ Q+

j (t), xr,lo( j,r)(t) = α(t)xr,l i ( j,r)(t).

B. The Hop-by-Hop Controller with Delay

We now develop the dynamics of the hop-by-hop controller
with delay. As in the Section V-A, we define the total time
utilization due to incoming flows at nodej, by

H j
I (t) =

∑

r∈D( j)

ar,l i ( j,r)(t)

cl i ( j,r)

Let us denoteQ+
j (t) be the set of backlogged sessions at node

j at time t, and define

H j
O(t) =

∑

r∈D( j)
r∈Q+

j (t)

cr,lo( j,r)(t)

clo( j,r)
+

∑

r∈D( j)
r<Q+

j (t)

min[cr,lo( j,r)(t),ar,l i ( j,r)(t)]

clo( j,r)

where cr,lo( j,r)(t) is the maximum possible rate for flowr at
nodek, and is described by (11). We now consider two cases:

(i) H j
I (t) + H j

O(t) ≤ 1
In this case, there is no scarce time resource at this node.
If the user queues are zero, the output rate is simply equal
to the input rate. In general, the output rate for sessionr
is given by

ar,lo( j,r)(t) =


min[cr,lo( j,r)(t),ar,l i ( j,r)(t)] if qr j (t) = 0,

cr,lo( j,r)(t) if qr j (t) > 0

(ii) H j
I (t) + H j

O(t) > 1
In this case, the time resource at nodej is potentially not
sufficient to handle the output rate. Similar to Case (i)
for the end-to-end controller in Section V-A, we choose
α(t) ∈ [0,1) such thatH j

I (t) + α(t)H j
O(t) = 1, and set the

output transmission rate correspondingly.

........
bottleneck
node

........

N sources N destinations

N destinations

bottleneck
node

N sources

bottleneck node

NcI NcO

NcI NcO

(a) feed-forward network

(b) tree network

Fig. 4. Networks with Spatial Spreading: one hop rtt:dH , and end-to-end
rtt of each source:dR

VI. S S

In this section, we derive the peak occupied buffer size
with the end-to-end controller as well as with the hop-by-hop
controller described in Section V. We consider the evolution
of these algorithms in the presence of propagation delay. We
analytically show the effect of spatial spreading by explicitly
deriving the reduction in peak buffer overload under the hop-
by-hop scheme.

Consider a feed-forward network (Figure 4-(a)) withN
sessions, where the links are symmetric, and have the same
propagation delay. Let us denote the link (one-hop) round trip
delay bydH (i.e., a link propagation delay= dH/2). Further,
we assume that all the sessions has the same end-to-end round
trip delay (denoted bydR). Thus, all sessions haveL = dR/dH

number of hops in their end-to-end path. We assume that a
single bottle-neck in the network (see Figure 4), and that the
delays from theN sources to the bottleneck are all equivalent.
We also assume that the capacities of other links than those
of input or output links of the bottle-neck node are well
provisioned, such that congestion occurs only at the common
point for all the flows (the bottleneck node in Figure 4-(a)).
We will first consider the end-to-end scheme and compute
maximum queue length at the bottleneck node.

Since we consider a system withN flows, we scale the
capacities of the bottleneck node with the input and out-
put capacities of the bottleneck node beingNcI and NcO

respectively. This scaling ensures that thesteady-state rate
allocated to each user is invariant with the number of sessions.
Physically, this would correspond to a bandwidth scaling at the
bottleneck. To mathematically reflect such a scaling, we scale
the congestion price appropriately such that the equilibrium
rate for each user is invariant withN. In other words, the
fraction of flow marked at the bottleneck, (1

NcI
+ 1

NcO
)λ(N)(·), is

invariant withN, whereλ(N)(z) = β(N) p(N)(z) is the congestion
price at the bottleneck in theN-th system, see (8) (i.e., either
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the marking function or the value ofβ can be scaled for the
N-th system; this is analogous to scaling the marking function
in [9], [30]). Hence, the dynamics of each flowx j(t) at the
N-th system is given by

ẋ j(t) = κ

[
w j − βx j(t − dR)

( 1
NcI

+
1

NcO

)

Np

( N∑

k=1

xk(t − dR)
( 1
NcI

+
1

NcO

))]
(15)

Then, the steady-state rate of flowj, denoted byx∗j is given
by

x∗j =
w j x∗

β(x∗(1/cI + 1/cO) − t̃)
,

where x∗ is the average steady-state rate over all flows, and
is invariant withN. Note thatt̃ is the virtual time constant of
the marking function (9), andp(·) is the marking function of
the bottleneck node.

Further, we assume that the equilibrium rates are stable,
(i.e.,

∑
j x?j ( 1

NcI
+ 1

NcO
) < 1 − εb, where εb is the MAC

efficiency at the bottle-neck node). This ensures that the queue-
lengths are zero at the bottleneck link when the system is at
equilibrium (however, queues will build up during transients
due to network propagation delay).

We finally comment that we have assumed that the feedback
(marks) do not experience congestion, and that the delay in the
feedback is solely due to propagation delays. As we have per-
flow queueing, a packet implementation to approximate this
could be the following. When congestion occurs at a node,
instead of marking the incoming packet (implemented via
setting the ECN (Explicit Congestion Notification) bit [31]),
one could mark the head-of-line (outgoing) packet in the queue
of the corresponding user. This would ensure that the queueing
delays are minimized for the feedback, and that the source
gets the appropriate feedback. Such a scheme seems feasible
in a wireless context, as per-flow queueing is expected to be
implemented for scheduling as well as physical layer reasons
[12], [18], [19]. Further, the number of flows in this network
is expected to be of a smaller scale than that in the wired
network.

Let x(t) = 1
N

∑N
j=1 x j(t) and w = 1

N

∑N
j=1 w j . By summing

(15) across all sessions, we obtain

ẋ(t) = κ
[
w− β

(
x(t − dR)

( 1
cI

+
1
cO

) − t̃
)+]

= κ̃[w̃− (x(t − dR) − c̃)+], (16)

wherec̃ = t̃(
1
cI

+ 1
cO

) , κ̃ = κ( 1
cI

+ 1
cO

)
β, and w̃ = w/(β( 1

cI
+ 1

cO
)).

Next, for each timet, under the end-to-end control scheme,
let us denote the average (over flows) queue length (across
sessions) at the bottleneck node byqe(t), and the average input
and output rates byxI (t) and xO(t) respectively. Observe that
congestion occurs ifxI (t)

cb
I

+
xO(t)
cb

O
> 1, wherecb

I = cI/(1−εb) and

cb
O = cO/(1− εb). Since the constant scaling ofcI andcO does

not affect the analysis result (Lemma 6.1 and Proposition 6.1),
we assume thatεb = 1 for notational simplicity.

Further, observe thatxI (t) ≤ cI . We now describe the
dynamics of the queue length process. We consider several
cases:
(i) cI cO

cI +cO
< xI (t) ≤ cI

q̇e(t) = xI (t) − xO(t) = cI
xI (t)
cI
− cO

(
1− xI (t)

cI

)

=
(cI + cO

cI

)[
xI (t) − cI cO

cI + cO

]
(17)

(ii) xI (t) ≤ cI cO

cI +cO
andqe(t) > 0

The dynamics of ˙qe(t) are identical to that in Case (i).
(iii) xI (t) ≤ cI cO

cI +cO
andqe(t) = 0

In this case, as the buffer at the bottleneck node is empty,
and there is no congestion, we have ˙qe(t) = 0.

Thus, with

˙̃eq(t) =
q̇e(t)

(cI + cO)/cI
, (18)

we have

˙̃eq(t) =


xI (t) − c if q̃e(t) > 0,

(xI (t) − c)+ if q̃e(t) = 0,
(19)

where c =
cI cO

cI +cO
. As discussed earlier, we assume that the

equilibrium rate is stable. Thus, we letγ be the node utilization
at the bottleneck node, i.e.,x? = γc, where 0< γ < 1.

We next derive the “worst-case” peak initial queue length at
the bottleneck node under the end-to-end controller as well as
a hop-by-hop controller, and with the system starting from rest
(i.e., the value of the first local-maximum of the queue length
at the bottleneck, when all initial conditions are zero). Let us
defineQmax

e(H, η) to be the (unscaled) initial maximum queue
length at the bottleneck node in the end-to-end control with the
one-hop round-trip delay and the number of hops (links) for
each session beingη andH, respectively (thus, the end-to-end
round-trip delay isηH). Also let qmax

e(H, η) = Qmax
e(H, η)/N

be the peak (initial) queue length for the scaled system defined
by (16) and (19).

Let

q̄e
max(1,d) =

(
κ̃w̃ +

( κ̃w̃
c(1− γ)

)2
)
d2

+

(
c(1− γ) +

κ̃w̃
c(1− γ)

)
d +

c2(1− γ)2

κ̃w̃
+ c(1− γ). (20)

With this definition, we have
Lemma 6.1:Fix any d > 0. Then, we haveqe

max(1,d) ≤
q̄e

max(1,d), and for anyα ∈ (0,1), ∃Mo with Mo ≥ 1, such that
∀M ≥ Mo, Mαq̄e

max(1,d) ≤ qmax
e(M,d).

The proof consists of two parts. We first derive an upper
bound on the queue length for a 1-hop network (with delayd)
by (i) observing that the source controller increase rate cannot
increase faster thanw (i.e., ẋ(t)) ≤ w), and(ii) by providing a
lower-bound on the rate of decrease of the arrival rate, once the
controller rate has peaked. More precisely, for timet ≥ t5 + d,
where t5 is the time at which the controller rate peaks (see
Figure 6), we show ˙x(t) ≤ −ε for some explicitly constructed
ε > 0. This upper bound is denoted by ¯qe

max(1,d), and formally
given by (20). We next derive a lower bound onqmax

e(M,d), by
appropriately bounding the end-controller transmission rates.
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Using this lower-bound, and the upper bound for the 1-hop
system, the lemma is proved. The details of the proof are
presented in the Appendix.

Using this result, we prove the main result of this sec-
tion. Similar to Qmax

e(H, η) and qmax
e(H, η), let us define

Qmax
h(H, η) to be the unscaled maximum queue length (due to

initial transients) with thehop-by-hop control, andqmax
h(H, η)

to be the corresponding scaled queue-length. We then have
Proposition 6.1:Fix any d > 0. Then, for anyα ∈ (0,1),

∃Mo with Mo ≥ 1, such that∀M ≥ Mo, qmax
h(M,d) ≤

qmax
e(M,d)/Mα.
Proof: The proof proceeds analogously as that in

Lemma 6.1. As the control loop for the hop-by-hop controller
has round trip delayd, the upper-bound derived for the 1-hop
end-to-end controller with round-trip delay ofd can be shown
to also hold here, i.e.,qmax

h(M,d) ≤ q̄e
max(1,d). Now, from

Lemma 6.1, the desired result follows.
Remark 6.1:The tree network in Figure 4-(b) is a special

case of the feed-forward network, such that each session has
a separate path. The tree architecture could be used in a com-
munity roof-top wireless network, where a single wired based
station could be used to provide community Internet access.
Tree architectures are also popular in Bluetooth based ad hoc
networks [32], [33], as well as in broadcasting applications
[34]. In Section VII, we will see that we achieve significant
gains for the tree network even with only five flows.

VII. S R

In this section, we present simulation results that compare
the hop-by-hop algorithm with the end-to-end algorithm, and
show that there is a significant decrease in the peak load
with the hop-by-hop algorithm. We consider packet level
simulations using the ns-2 [35] simulator. We have made
suitable modifications in ns-2 to support hop-by-hop as well
as end-to-end controllers with a MAC.

A. Simulation Setup

The network topology used in the simulation is a tree
network shown in Figure 4-(b), with five sessions and five
hops from the sources and the destinations. Each of the input
and output links at the bottleneck node has a bandwidth of 5
Mbps. Since we use a fixed size packet of 1000 bytes, this
corresponds to 625 pkts/sec. Thus, the equilibrium rate over
one session at the bottleneck is 62.5 pkts/sec.

In our ns-2 implementation, we have assumed a separate
side channel for communicating prices (with a bit rate of 1
bit per data packet) that enables a simple implementation.
In practice, this price information can be embedded in ACK
packets. We used a fixed data packet size of 1000 bytes. For
every one data packet, the associated ACK packet contains
one “ECN” bit, which represents marked/unmarked status.
To compute the price information at every node, each node
measures outgoing/incoming data rate over all incident links
on the corresponding node in the following manner. For
outgoing rates, the node knows the transmission rates (from the
congestion controller at the node); and for incoming rates, the

node measures rates by computing inter-packet times (using a
sliding window mechanism).

The following parameters have been chosen for the con-
gestion controllers, and marking functions at the intermediate
routers, such that the node utilization ratio is about 95%:
κ = 0.5, w = 21, t̃ = 0.25, β = 30. From (15), we have

x?
( 1
cI

+
1
cO

)
= t̃ +

w
β

= 0.25+
21
30

= 0.95. (21)

Thus, we have the 95% node utilization.
In our implementation, we approximate the fluid model

for a MAC with a time-division MAC. The MAC protocol
implemented in the simulation is a simple centralized TDMA
MAC protocol (a centralized scheduler that distributes the
requested number of time-slots to each link). A time slot
interval is chosen to be the transmission time of a single
packet. If the incoming/outgoing traffic imposed on a node
violates the timing constraint, as discussed in Section V in
the paper, we give higher priority to the incoming traffic to
the nodes (in this case queueing occurs on the output link
buffer).

B. Simulation Results

Figures 5(a) and (c) plot the instantaneous sum rate of
five sessions for 10 msec and 200 msec of one-hop delay,
respectively. The 10 msec case corresponds to an efficient
MAC, where the hop-delay primarily occurs due to the prop-
agation delay and physical layer air interface. On the other-
hand, the case where the hop delay is 200 msec corresponds
to a network with large per-hop delays (possibly due to the
MAC implementation). In both of these cases (Figures 5(a) and
(c)), we see that the transmission rates (with the end-to-end
and hop-by-hop controllers) oscillate about the corresponding
fixed point. As expected, we observe that for the large delay
case, the end-to-end algorithm leads to larger oscillations than
the hop-by-hop algorithm.

In Figures 5(b) and (d), we plot the evolution of the
bottleneck queue length (measured every 20 msec). The spatial
spreading effect is clearly illustrated by these plots, where we
see that the peak buffer size with the hop-by-hop controller is
much smaller than that of the end-to-end controller. These fluid
and packet simulations indicate that significant gains are to be
had with the hop-by-hop scheme, and validate our analytical
results.

We also provide a plot with short background flows (mod-
eled by ON-OFF processes) in Figures 5(e) and (f). The only
difference from the previous setup is that we have background
ON-OFF flows, whose mean rate is set to be 10% of the
equilibrium rates of controlled flows, and their burst and idle
times are set to be 50 msec each. Given aw, we suitably
chosenβ and t̃ such that the node utilization is about 95%.
The values are chosen in a similar manner to (21). Figures 5(e)
and (f) show that again, the hop-by-hop scheme outperforms
an end-to-end scheme.

VIII. A 
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Fig. 5. Instantaneous sum rates and occupied queue lengths (at the bottleneck node) for both end-to-end and hop-by-hop controllers
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A: P  L 6.1

Proof: In this proof, we will show the following: For
any fixedd > 0,

(i) qmax
e(1,d) ≤ q̄e

max(1,d)
(ii) ∃Mo such that∀M ≥ Mo, qmax

e(M,d) ≥ KMd, whereK
is a positive finite constant.

Suppose that(i) and(ii) are true. Then, from the definition of
q̄e

max(1,d) (see (20)), for any 0< α < 1, and sufficiently large
M, we have

Mαqmax
e(1,d) ≤ Mαq̄e

max(1,d)

≤ KMd ≤ qmax
e(M,d).

Thus, it suffices to show(i) and (ii) to complete the proof.
Proof of (i): Consider a network of a single link with

the end-to-end round-trip delay of each session beingd. As
discussed earlier, we have the equilibrium ratex? = γc, where
γ is the node utilization with 0< γ < 1. Thus, at the steady
state we have

w̃ = γcp(γc) = γc− c̃. (22)

Recall thatp(·) is the marking function of the bottleneck node
(see (15)).

Let us define the following time epochs (see Figure 6).

t1 = inf {t > 0 : x(t) > c̃}, t2 = inf {t > t1 : x(t) > γc},
t3 = inf {t > t2 : x(t) > c}, t4 = t1 + d, t5 = t2 + d,

t6 = t4 + d, t7 = inf {t > t5 : x(t) < c} (23)

We first consider an end-to-end system with an input rate
constraintcI (which could be arbitrarily large), as shown in
Figure 6-(a). Due to the input constraintcI , the actual rate
arriving at the bottle-neck node, which we denote byxcI (t),
could be different from x(t), depending oncI and RA (see
Figure 6-(a)). We will upper-boundx(t) (and xcI (t)) by a
trajectoryx̄(t), and use this bound to compute an upper bound
on the peak queue length. We consider the following two
cases: (a)cI ≥ RA and (b)cI < RA.

Case (a):cI ≥ RA

In this case,x(t) is the actual input arrival rate at the bottle-
neck node. Now, observe that the peak queue length at the
bottleneck node is given by

qmax
e(1,d) =

∫ t7

t3

(x(t) − c) dt

We assume that the initial condition satisfiesx(s) ≤ c̃, ∀s≤ 0.
We can see thatx(t) achieves the maximum (i.e.,RA) at t5,

since ẋ(t5) = 0. This follows from the fact that

ẋ(t5) = κ̃(w̃− x(t2)p(x(t2))) = κ̃(w̃− γcp(γc)) = 0,

and from (22). Fort ∈ [t1, t4], let x̄(t) = x(t). Then, by the
assumption on the initial condition

ẋ(t) = ˙̄x(t) = κ̃w̃, t ∈ [t1, t4] (24)

Next, let ˙̄x(t) = κ̃w̃, t ∈ (t4, t5] with x̄(t4) = RB (i.e., straight-
line extension of ¯x(t), t ∈ [t1, t4] until t5). Then, we have

x(t) < x̄(t), t ∈ (t4, t5], (25)

since fort ∈ (t4, t5]

ẋ(t) = κ̃(w̃− x(t − d)p(x(t − d))
< κ̃w̃ = ˙̄x(t)

Let td5 = t5 + d. Further, fort ∈ (t5, td5] let x̄(t) = x̄(t5). Then,
we have

x(t) ≤ RA < x̄(t5) = x̄(t), t ∈ (t5, t
d
5], (26)

Note that we have the following two cases: (i)td5 ≤ t7 and
(ii) td5 > t7. First, consider the case oftd5 ≤ t7 (Figure 6-(a)).
For t ∈ (td5, t7], let us define ¯x(t) with ˙̄x(t) = κ̃(w̃− (c− c̃)).

Then, using the fact thatx(t − d) > c, t ∈ (td5, t7], we have
˙̄x(t) > ẋ(t) = κ̃(w̃− (x(t − d) − c̃)), leading to the fact that

x(t) < x̄(t), t ∈ (td5, t7]. (27)

Second, iftd5 > t7, this case corresponds to (26).
Case (b):cI < RA

In this case,xcI (t) is the actual input arrival rate at the bottle-
neck node. LettcI

7 = inf {t > t5 : xcI (t) < c}. Note, however, that
∀t ∈ [t3, t

cI

7 ], we havexcI (t) ≥ c. Thus, the bound (i.e., ¯x(t))
constructed in Case (i) based onx(t) also holds forxcI (t), i.e.,

xcI (t) ≤ x̄(t), t ∈ [t3, t
cI

7 ] (28)

From (25), (26), (27), and (28), ¯x(t) is an upper bound on
x(t) or xcI (t) irrespective of the position ofcI .

By the straight line extension of ¯x(t) until it crossesc, we
definet8 , inf {t > td5 : x̄(t) < c}.

Note that we have

t5 − t3 = d − (t3 − t2) = d − c(1− γ)
κ̃w̃

RC − c = κ̃w̃(t5 − t3)

t8 − td5 =
RC − c

κ̃(c− c̃− w̃)
=

RC − c
c(1− γ)

.

Thus, the upper bound on the peak occupied queue length for
a fixedd is given by:

qmax
e(1,d) ≤

∫ t8

t3

(x̄(t) − c) dt

=
1
2

(t5 − t3 + td5 − t5 + t8 − td5)(RC − c)

≤
(
κ̃w̃ +

( κ̃w̃
c(1− γ)

)2
)
d2 +

(
c(1− γ) +

κ̃w̃
c(1− γ)

)
d

+
c2(1− γ)2

κ̃w̃
+ c(1− γ)

= q̄e
max(1,d). (29)

This completes the proof of(i).
Proof of (ii) : Next, we show (ii) , which describes

qmax
e(M,d) for sufficiently largeM. In this setup, we consider

an end-to-end controlled system with its round-trip delay being
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Fig. 6. Upper bound and lower bound on peak queue length

Md. Thus, the time epochs described in (23) hold for the
round-trip delayMd. Figure 6-(b) explains this setup.

Recall thatRB = x(t4). As RB − c̃ = (t4 − t1)κ̃w̃, we have

RB = Mdκ̃w̃ + c̃ (30)

Note that we deriveqmax
e(M,d) for sufficiently largeM. Then,

it is clear that for a sufficiently largeM and any finitecI , we
havecI ≤ RB. Thus,xcI (t) is the actual arrival rate to the bottle-
neck node with its input constraint ofcI . Instead of computing
the exact peak queue length, we lower-bound it by computing
the area of the shaded region (denoted bySl) in Figure 6-(b).

Let tcI be the first time aftert3 such that ¯x(t) hits cI . By
definition of time epochs,t5 − t3 = Md (see (23)), and we
have

tcI − t3 =
cI − c
κ̃w̃

Then, we have

Sl =
1
2

(
2(t5 − t3) − (tcI − t3)

)
(cI − c)

=
1
2

(
2Md − cI − c

κ̃w̃

)
(cI − c)

= Md(cI − c) − 1
2

(cI − c)2

κ̃w̃
(31)

Thus, we can find a positive constantK, such that∀M ≥ Mo

qmax
e(M,d) ≥ KMd. (32)

Then, the proof of(ii) follows from (32).
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